Advanced Mathematical Methods
WS 2023/24

1 Linear Algebra

Dr. Julie Schnaitmann

Department of Statistics, Econometrics and Empirical
Economics

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

WIRTSCHAFTS- UND
SOZIALWISSENSCHAFTLICHE
FAKULTAT

1/21



Outline: Linear Algebra

A quadvatic /Sqrourk

nxmn

1.8 Eigenvalues and eigenvectors
1.9 Quadratic forms and sign definitness \dw\w\d’f\C

2. Linear Algebra 2/21















































































































Readings

® Knut Sydsaeter, Peter Hammond, Atle Seierstad, and Arne
Strgm. Further Mathematics for Economic Analysis.
Prentice Hall, 2008 Chapter 1
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Online Resources

MIT course on Linear Algebra (by Gilbert Strang)

® |ecture 21: Eigenvalues and Eigenvectors
https://www.youtube.com/watch?v=IXNXrLcoerU

® Lecture 22: Powers of a square matrix and Diagonalization
https://www.youtube.com/watch?v=13r9QY6cmjc

® Lecture 26: Symmetric matrices and positive definiteness
https://www.youtube.com/watch?v=umt6BB1nJ4w

® | ecture 27: Positive definite matrices and minima — Quadratic

forms
https://www.youtube.com /watch?v=vF7eyJ2g3kU
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https://www.youtube.com/watch?v=lXNXrLcoerU
https://www.youtube.com/watch?v=13r9QY6cmjc 
https://www.youtube.com/watch?v=umt6BB1nJ4w 
https://www.youtube.com/watch?v=vF7eyJ2g3kU

1.8 Eigenvalues and eigenvectors

-Ax =0

Assume a scalar \ exists such that b
(A X% =0
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1.8 Eigenvalues and eigenvectors

The properties of a quadratic homogenous linear equation system
imply that:

® in any case a solution does exist

if det(A — A\I) # 0, then X = 0 is the trivial solution

e only if det(A — Al) = 0 there is a non-trivial solution.
L}CA- [3 4] 2=A-2AL det (8 |
Lo 2 ) 22 41—-\8\50
:[z ;_'I—X)Zoﬂs[ © 2-A sa\vt%ecluaﬁch
2-2 A N (2_)0 1 vooks z:‘/\cuot hC
det(R)= o 2% =G )°

)| )\ 2gohon
M= 3 ,\-;=2
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1.8 Eigenvalues and eigenvectors

dar Jdengvc
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1.8 Eigenvalues and eigenvectors

Determination of the eigenvalues via the characteristic equation:

|
|A— )\I| =0 = (- )”A”+an AT oy =0

LS . YA
175 oial = BRG-N 0 ‘O A=l ¢ zl
6 5)\ +>\ dQJ‘CA\= Z_Q—A-O
AFA) (A =6

CJ\Q)"(A)’-- 6= )\4)2 =3-2 :G
"—V(AB’—S': M -(-)\Z'-"%(’2.=S—

+v (A= 242 = §

2. Linear Algebra 8/21












































































































































































































































































































































































































































































































































































































Willey ncefs forrnet  (MIVE)
2%2 O‘MO\dVoJ:'C »{:OVMO\'.

G =
NX 4\0):;(;: ‘ l;?teac
Yoo T —
ex: X=SX+6=0 a=A, b="% ,(,.=6 .
S fles-v6 S M=

)\A‘Lz 2 B 2- ~y Ay =2

comp¥ acdlwh an: (" (7

= = . = —-1\
s. ‘—7 25 \



















































































































































































































































































































































































































































































































































































































































































































1.8 Eigenvalues and eigenvectors

Determination of the eigenvalues via the characteristic equation:
@ A-M| =0 < (=1)"A"+a, ;A" 4. 4o rtay = 0

for every (real or complex) eigenvalue A; of the (n x n)-Matrix A
we can calculate the respective eigenvector x; # 0 solving the
homogenous linear equation system

@ (A—Xl)x;=0. (1)

The properties ofh)mogenous linear equation systemg imply that
the solution of eq. (1) is not unambiguous, i.e. for the eigenvalue A;
we can find infinitely many eigenvectors x;.
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1.8 Eigenvalues and eigenvectors
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1.8 Eigenvalues and eigenvectors

<L\
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1.8 Eigenvalues and eigenvectors

T-1% %]

A und B (quadratic matrices of order n) are similar if a regular
(n x n) - matrix C exists, such that

B=C'AC.
A ond B are sindor 3]C
(3%¥immkﬁ$m avah@m

@ Saul. {}(gy\\lo\’\uﬂxg

M o
Lol -

oMl cljlgéll’v1hli V\(JLCA.*'

d.toroo
D =T AT

3/1]
A=) o 2
C wasds +o

\e2 “mvo’H\cLQ

2X: A 2
C= 2,4]
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1.8 Eigenvalues and eigenvectors

A und B (quadratic matrices of order n) are similar if a regular
(n x n) - matrix C exists, such that

B=C'AC.

Special case: symmetric matrices
For a symmetric (n x n)-matrix A it holds that the normalized

eigenvectors X; with j =1,..., n have the property
0f%/x= 1 for all j and A N
® %% =0 for all i # . ovHhonorm .
q - 1
oM«o%ohd | _r = T
o x
cxu&wiedovg
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1.8 Eigenvalues and eigenvectors
Principle axis theorem /gped'rod J\QCOW\PO’
Sthen

collecting the normalized eigenvectors X; (j = 1,...,n) in a new

matrix T = [¥, - - - %,] with the property T~! = T’ yields the
diagonalization of A as follows:

-A
A=TNT M 0 ... 0
Symmedic
Yoy 0 0 An
: o) A -&
L% 31 _F ’J - l' ,‘]
A: 02] /\-— 0 2 T O '6
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

1) The product of the eigenvalues of a n x n matrix yields its
determinant: |A] = [[7_; A\i .

et ()= M Ay A
_ ot Gosk ont 417 O

det (A)= O
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

1) The product of the eigenvalues of a n x n matrix yields its
determinant: |A] = [[7_; A\i .

2) From 1.) it follows that a singular matrix must have at least
one eigenvalue \; = 0.

2. Linear Algebra 13/21



1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

1) The product of the eigenvalues of a n x n matrix yields its
determinant: |A] = [[7_; A\i .

2) From 1.) it follows that a singular matrix must have at least
one eigenvalue \; = 0.

3) The matrices A and A’ have the same eigenvalues.

730 .0
/\—A?,] \L“/(/\l

R EN oL P
A = { /\T 1=)~ ‘Oz
=

A2=A-A=T/\T~4T /\T_/‘ /\ O>\

L A 13/21
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

1) The product of the eigenvalues of a n x n matrix yields its
determinant: |A] = [[7_; A\i .

2) From 1.) it follows that a singular matrix must have at least
one eigenvalue \; = 0.

3) The matrices A and A’ have the same eigenvalues.

4) For a non-singular matrix A with eigenvalues \ we have:
A7t -L1y =0
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

1) The product of the eigenvalues of a n x n matrix yields its
determinant: |A] = [[7_; A\i .

2) From 1.) it follows that a singular matrix must have at least
one eigenvalue \; = 0.

3) The matrices A and A’ have the same eigenvalues.

4) For a non-singular matrix A with eigenvalues \ we have:
A7t -L1y =0

5) Symmetric matrices have only real eigenvalues and orthogonal

eigenvectors. A T
T =1 othonovmael
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

6) The rank of a symmetric matrix A is equal to the number of
eigenvalues different from zero.
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

6) The rank of a symmetric matrix A is equal to the number of
eigenvalues different from zero.

7) The sum of the eigenvalues is equal to the trace:
tr(A) =>7 ;A
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

6) The rank of a symmetric matrix A is equal to the number of
eigenvalues different from zero.

7) The sum of the eigenvalues is equal to the trace:
tr(A) = 2274 Ai.

8) It holds that the eigenvalues of AX are )\f-‘ foralli=1,...,n
as Ak = TAKTL.
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1.8 Eigenvalues and eigenvectors

Properties of eigenvalues

6) The rank of a symmetric matrix A is equal to the number of
eigenvalues different from zero.

7) The sum of the eigenvalues is equal to the trace:
tr(A) = 2274 Ai.

8) It holds that the eigenvalues of A% are A< forall i=1,...,n
as Ak = TAKTL.

9) A has n independent eigenvectors and is diagonalizable if all
eigenvalues \; are distinct.

A=T"AT
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1.9 Quadratic forms and sign definitness
< Definitions 3 <
2 R = I + X
Jough= Xy £% 4 Y =3~
L’>¢}0rm OLQ(;,PC—Q%
® Degree of a polynomial (—(X/ ): X\jé
J S )

® Form of nth degree

® special case: quadratic form ol.(boch =

2 2
Q(x1,x2) = a11xq + 2a10x1% + 322%) > O
- —

<
g
>0 fﬁmqf
Xa Oz |[ T S 0
[Xa Xz_] =X IA\X =
Az Az Xz < oo
S > é? ™

2\ Y
2. Linear Algebra A = U i w th}e/Zl









































































































































































































































































































































































































































































































































































































1.9 Quadratic forms and sign definitness

A quadratic form Q(x1, x2) for two variables x; and x» is defined as

2
Qx1,x) = x" A x =
(1x2)(2x2)(2x1) i=1

2
E a,-j XI'XJ'
j=1

where a;; = aj; and, thus,

with the symmetric coefficient matrix A =
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1.9 Quadratic forms and sign definitness

Graph ofthe positve definte form Q. 1) =+ Graph of the negative definite form Q. x2) =~ 3 Graph of the indefinite form Q. x2) = -2

-94h of the po‘mve semideinie gy Q’(:, (,) =(x+x)?
N X8
A= 0 —
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1.9 Quadratic forms and sign definitness

The quadratic form associated with the matrix A (and thus the
matrix A itself) is said to be

positive definite, if @Q=xAx>0 forallx#0
positive semi-definite, if Q=x'Ax>0 forall x
negative definite, if Q=xAx<0 forallx#0
negative semi-definite, if Q =xX'Ax<0 forall x

Otherwise the quadratic form is indefinite.

A qquradxc [ V\O‘— S(sz\W\QﬂYWC
<X A:[o 2 (A"'AT> [ ] EF ]
12
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1.9 Quadratic forms and sign definitness

The quadratic form associated with the matrix A (and thus the

matrix A itself) is said to be

positive definite, if Q=x'Ax>0
positive semi-definite, if Q=xAx>0
negative definite, if @Q=xAx<0

negative semi-definite, if Q =x'Ax<0

Otherwise the quadratic form is indefinite.

for all x # 0
for all x
for all x # 0
for all x

Note: For any quadratic matrix A it holds that x’Ax = x'Bx with

B=0,5-(A+A’), a symmetric matrix.
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1.9 Quadratic forms and sign definitness

The quadratic form Q(x) is
® positive (negative) definite, if all eigenvalues of the matrix A
are positive (negative): X\; >0 (\; <0)Vj=1,2,...,n;
® positive (negative) semi-definite, if all eigenvalues of the
matrix A are non-negative (non-positive): \; > 0
(Aj <0)Vj=1,2,...,n and at least one eigenvalue is equal
to zero;

e indefinite, if two eigenvalues have different signs.
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1.9 Quadratic forms and sign definitness

Properties of positive definite and positive semi-definite matrices

1) Diagonal elements of a positive definite matrix are strictly
positive. Diagonal elements of a positive semi-definite matrix
are nonnegative.
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1.9 Quadratic forms and sign definitness

Properties of positive definite and positive semi-definite matrices

1) Diagonal elements of a positive definite matrix are strictly
positive. Diagonal elements of a positive semi-definite matrix
are nonnegative.

2) If Ais positive definite, then A~1 exists and is positive definite.

2. Linear Algebra 20/21



1.9 Quadratic forms and sign definitness

Properties of positive definite and positive semi-definite matrices

1) Diagonal elements of a positive definite matrix are strictly
positive. Diagonal elements of a positive semi-definite matrix
are nonnegative.

2) If Ais positive definite, then A~1 exists and is positive definite.
3) If X'is n x k, then X’X and XX’ are positive semi-definite.
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1.9 Quadratic forms and sign definitness

Properties of positive definite and positive semi-definite matrices

1) Diagonal elements of a positive definite matrix are strictly
positive. Diagonal elements of a positive semi-definite matrix
are nonnegative.

2) If Ais positive definite, then A~1 exists and is positive definite.

3) If X'is n x k, then X’X and XX’ are positive semi-definite.

4) If X'is n x k and rk(X) = k, then X'X is positive definite (and
therefore non-singular).
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Relationship bt. A, det(A), rk(A) and )
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- ) =b
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