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Readings

® A. Papoulis and A. U. Pillai. Probability, Random Variables
and Stochastic Processes.
Mc Graw Hill, fourth edition, 2002, Chapters 1-4

3/30



Online References

MIT Course on Probabilistic Systems Analysis and Applied
Probability (by John Tsitsiklis)

e Discrete RVs I: Concept of random variables, probability mass
function, expected value, variance
https://www.youtube.com /watch?v=3MOahpLxj6A

e Continuous RVs: probability density function, cumulative
distribution function, expected value, variance
https://www.youtube.com/watch?v=mHfn_7ym6to

® Discrete RVs Il: Functions of RV, conditional probabilities,
specific distribution, total expectation theorem, joint
probabilities
https://www.youtube.com /watch?v=-qCEoqpwjf4
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4.1 Random Variables

A random variable X takes on real numbers according to some
distribution.

There are two types of random variables:

@ discrete random variables
® e.g. coin toss, number of baskets scored out of n trials

@) Rernoulld B
success 4 T ?r(x:A\ =T

)= A P C=A
= A-Tr
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4.1 Random Variables

A random variable X takes on real numbers according to some
distribution.

There are two types of random variables: Courd w?
ouh:o%;

@ discrete random variables
® e.g. coin toss, number of baskets scored out of n trials
® continuous random variables

® e.g. financial returns wn W'\i:‘g ‘"\O‘”j
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4.1 Random Variables

Discrete random variables

Y counds how mauw vy £ owas Sucozsgg\d
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4.1 Random Variables

Discrete random variables

@ Geomd ¢ ouahﬂov\b
Kvey do 1 ,(:oﬂ befor®

§] ("‘GW o
T sucy

(ke k) o/\) -
- (- ) A . Y= A
a o/\/] K= 2
/\ :
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l
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4.1 Random Variables

Discrete random variables
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4.1 Random Variables

Random sample

N rondons Vo oS

{X1,Xa,...,X,} is called a random sample if

@ all draws X; are independent

® and drawn from the same distribution, i.e. they are identically
distributed

= the draws are independently and identically distributed in
short iid
coin tegs: N=40 /Q("/er“ /><"°’6

vealRot ont Axa e o Yo AT B, Ty HY

£X:
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4.2 Cumulative Distribution Functions
Probability distribution function: discrete case (F0\€)

p rolRgBon/

NS
fx(x;))=P(X =x;) = B X = )(")
.\, 2 0.2 X e (0]
requirements: Pj‘) x6a) = /kg-\; 1:%5
% -
e S i(x)=1  O3>7 iy
Xi 0.2 L ~]‘ ( ) .
oA + x{A)=
INEE

c 2 2 3 &
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4.2 Cumulative Distribution Functions

(Probability) Density function: continuous case

V\d\" a 'orc)oaﬁa‘\.k(f)
fx(x) is not a pro/R bility as P(X =x) =0 = \Oo‘vd" OSS- (S 210

requirements: \ PCXT’ > J'ESX dx =
Topp oo B L6 < =f(e)-Fd)=0
o P(aSXSb):/fx(x)dxzo

a

o0

. / fe(x)dx = 1

—0o0

® fx(x) > 0 non-negative
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4.2 Cumulative Distribution Functions

Definition: Cumulative distribution function

The cumulative distribution function (cdf) of a random variable X

is defined to be the function Fy(x) = P(X < x), for x € R.
discrete:
Fx(xi)= > fx(xi) = P(X < %)
X%
continuous:
b &
Fx(x) = [ fx(t)dt = P(X < X)
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4.2 Cumulative Distribution Functions
Discrete random variable

e -(:><(><:\= /Lg,{; ;((ZC;_ - (k)= =z _{:xG@

)(5&5(3
CCJW ¥§:%< 0
Blx)= ] 02 for 0€X<L2
‘:s((’(\ i 0.6 |av 272 X¢3
T AL o x}g?r (25= %e 28)
| =Pr(¥e 2y) - ¢ X<A§)

=R (29)- Fu(48)
= 0.¥
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4.2 Cumulative Distribution Functions

Continuous random variable

Ju

Pl 2 ) P C ¥, eX & ><z_>
-F,(ba "_*()A — % o y ;’( F;{ X'r:) - EK(X’I
e 4
R VA Fe(x)
o g l
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4.2 Cumulative Distribution Functions

Properties

FX(+oo) =1 Fx(—OO) =0

Fx(x) is a nondecreasing function of x:

if X1 < X, Fx(Xl) < Fx(Xz)

note: the event {X < x1} is a subset of {X < xp}

if Fx(Xo) =0, then Fx(X) =0 V x<xg
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4.2 Cumulative Distribution Functions

Properties

4) P(X > x)=1-— Fx(x)
events {X < x} and {X > x} are mutually exclusive and
{X<x}U{X >x}=Q

5) Fx(x) is continuous from the right:
|imxﬁa+ Fx(X) = Fx(a)

Xz
6) P(x1 <X < x2) = Fx(x2) — Fx(x1) = j-ﬁx(ﬂ dX
*a
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4.3 Expectation, Variance and Moments
Expectations of a random variable
weigbed £ %)

m
leﬁ(()(‘) if x is discrete o.&q f(\f)
EX]={%
{ f Xf((x)dx if x is contmuq(us W
¢ i A=A X=0
ext cotn hess: A hen % e '-(z

EG)= A- P(x=A) + g - P(x=0) )
s g4 TweO-A)=TES

-
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4.3 Expectation, Variance and Moments

Expectations of a random variable

> xifx(xi) if x is discrete

Xi

EX] = { %
| xfx(x)dx if x is continuous
If g(X) a measurable function of x, then:
S g(x)f ()  if x is discrete

E[@(X)] - j“o g(X)fX(X)dX if x is continuous

2x

2
3 ﬂ(X) =X
cetw toss -
A oy =0
EGA)= 42 P (=N
TO‘L’ f()(::O)
:A'Z_T('
£0- (/(—-Tf)

- T\
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4.3 Expectation, Variance and Moments
Calculation rules
\ZCOV\S‘(-QU& "\O‘" avr.V.
® Flaj=a = Q- P(X'O\)‘

£a)= (ﬁa {;(60 o\>< qﬂ,&b A =
=4
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4.3 Expectation, Variance and Moments

Calculation rules

® FEla] =a

o E[bX] = b- E[X] -{Dbx ,F (<) I = ¥ wa[x@yc'\x

= b-b(.}()
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4.3 Expectation, Variance and Moments

Calculation rules

® FEla] =a

e E[bX] = b- E[X] separoiR
|\I\)R%YOJS
® linear transfogrﬂc\i{c\)g&yE[a + bX] = a+ bE[X]{

:ﬁq%ﬁ(\_@((x) dx = f& -f00d 4 f“:x £60 o
T 9™ T e for {ouitlar derwnS

* T Yo e LEX)
= o I dx L jk ,{X(X\ Ax = ot
Jpedo © LB

Canstondt w\FM °j A CSA)
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4.3 Expectation, Variance and Moments

Calculation rules

® FEla] =a
e E[bX]=b-E[X]
® linear transformation: E[a + bX] = a + bE[X]

* Elg1(X) + g2(X)] = Elg1(X)] + E[g2(X)] _
ok + X< B €6 = B 4EC)

£() Gneor opwodor
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4.3 Expectation, Variance and Moments
Variance of a random variable

Coﬁb\z = OC&'('—ZO‘B%\D

Let g(X) = (X — BIX]y* o onc® OFQIOJGV
¢ _v\—ch e

Var[X] = 02 = E[(X — E[X])}] :E(ngﬂ
{Z(Xi — E[X])*fx(x)  if x is discrete

Xj

T(X - E[X])276((X‘)dx if x is continuous

Vo (a+'5%) 71 ot o Var () “y
= bz \/oj(><>
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4.3 Expectation, Variance and Moments

Calculation rules

¢ Varla) =0 E(a)=

Vow (o) = E[(O« ECO\) = 0
=0
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4.3 Expectation, Variance and Moments

Calculation rules
e Var[a] =0

e Var[X + a] = Var[X]

E] (cxe - ecwroo)] e [Cwsec - BT

=E[ (B}
_EC )+E_(0\)
€6&+0( X C( - \/OJ’C)A
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4.3 Expectation, Variance and Moments

Calculation rules
e Var[a] =0
e Var[X + a] = Var[X]

* Var[bX] = b?Var|[X]
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4.3 Expectation, Variance and Moments

Calculation rules
e Var[a] =0
e Var[X + a] = Var[X]
* Var[bX] = b?Var|[X]

* Var[a+ bX] = b*Var[X] _ ]

- E] (oo - Bt |- [GoceoX. —s £
=Ea)+ E(LX) = El(b (x-—e(x\\?‘]
= q 'f \C) 45;(:’51 _ \::2'655 [:K:)‘: _ éE;(b*(jil::l'=' \:3L \\JkBJV<:§>£)
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4.3 Expectation, Variance and Moments

Calculation rules

Var[a] =0

Var[X + a] = Var[X]

Var[bX] = b?*Var[X]

Var[a + bX] = b*Var[X]

important result:

Var(X] = B[X? - BIXP? = £ [—CX"ECXBYL‘J
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4.3 Expectation, Variance and Moments

V.V c0'{\\*}"7‘""‘\/ariance
—\
VasGd= ET (% -E6AT
ek Moi f(x— ey {,&D dx = j(xl-?.xk‘@—f ﬂﬂs{*("]"\"
e «ois:sz £,60dx ,SZK EGY [0 dx + JE(X\Z%&KHS(
AL

° ' 6 (60
oy = sz_g&bdw _ &) \x x(;ﬂc)w( 4 Elx :/‘\

LT (X
lavms E(xl) -—26&9_-5[30 + B(% ¥
. eee) ey 5
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4.3 Expectation, Variance and Moments

Standardization of a random variable X

Y = X-EB0)= X’/‘*
Let cendtr £(Y)=0
%,___\(_'_E—EEQ g(X):X;M:Zo\.,.\gX :ﬁﬁ;‘m
| Vo Z:X_“:?JFTX =a+ X
£ v
£(2)=0 Vou(Z) =1
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4.3 Expectation, Variance and Moments

EXcal- SEIX 4]
Standardization of a random variable X e .4 [E(%\ _g( U:O
S =L

=0

Let [ —S
A
Y=ml = & Vou LX-p
o X U 3
o = ﬁz\,w(X):A
<
z-Xor_zr Ly S
o g g

= E[Z]=0 and Var[Z] =1

22/30

































































































































































































































































































































4.3 Expectation, Variance and Moments
Chebychev Inequality

For any random variable X with finite expected value i and finite
variance 02 > 0 and a positive constant k

Var(X) =0~
P(,u—kUSXS,u—i—kU)z1—i2
7 k
E(X):/\A

ConvErgunet tn (yrobodotw-\j —‘—;)
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4.3 Expectation, Variance and Moments

Skewness and Kurtosis

Central moments of a random variable;

0
-
—e0
as r grows, [, tends to explode -ny\k‘ﬂro.»\ ohW:'O{S

e (
. + &

o
6(D= [x b A —t—
e ‘1‘ - + 24/30




































































































































































































































































































































4.3 Expectation, Variance and Moments

Skewness and Kurtosis
Y20 Scpmmskic
Central moments of a random variable: \ﬁjov\aw-_akwa(

e = B[(X — )] N0 sl

as r grows, yi, tends to explode

Solution: normalization l

3
® skewness coefficient: v = M ’P}J—
o
BIX ') i
ot \L

often reported as excess kurtosis k — 3

+ L(P“OMC =3

® kurtosis: kK =

— pladdautic Noprmad









































































































































































































































































































4.4 Quantile

q% of the probability mass of a random variable is left of x(q) .

Example: Risk measure Value-at-risk (VaR)
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4.5 Specific probability distributions

The normal distribution

X is a Gaussian or normal random variable with parameters p and

o2 if its density function is given by
A5) i )

st oo (-5

V2mro?
denoted X ~ N(u, o?) t\)(ﬂ(’m) N(/u )
(2 ©
*Mmolﬁ—e-\\Ob P
)( EQO th u
(4') Vaur(X)
NOt K=o PN
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4.5 Specific probability distributions

The normal distribution

X is a Gaussian or normal random variable with parameters p and
o2 if its density function is given by

1= a5

denoted X ~ N(u,c?)

Linear transformation is also normally distributed:

If X ~ (1. 0), then a+ bX ~ Na t by, b20?).
Ela+bX) \)a//(o\& ¥ )
~q+bE() = B ar(X)
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4.5 Specific probability distributions

Standardization of X leads to standard normal distribution:

280 ® 2- X4 < no)
°\ :
' anokaltof & RS S
ety o) = oo (-5 )

2. rcf\-to?r\&govm XEOD X=2 T {M
Thus, if X ~ N(p,0), then f(x) = Lo (X=£).
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4.5 Specific probability distributions
Normal distribution N N(/Méﬂ

gy
: : Jo_

RS %(—%)—- 1- O=)
S*oM - J —
woren (% 2 Z:A‘) _P(ze B2)- SP(Z—@

o (a

=
oni\L: 2[q1- -201)

2Lq] xlq): }Eﬂ] oM ;E:o.of]= ~logt]
Yotla
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4.5 Specific probability distributions
t-distribution

NCO/A\ U>30

M3y N(OA)

_g;;rlmls
£Cv)
——K

(0] ik ciiiji)F1<:£zﬂ>~

e«
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4.5 Specific probability distributions
The x? distribution:

X is said to be x2(n) with n degrees of freedom if

2
0 otherwise

IfZN N(0,1), then x Q;ZNX (1). ‘

If 2 are iid N(0,1) , then 3.2 ~ 3(n).
i=1
2,2 MNCOID
22 N%(Zy o

v

30/30













































































































































