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Readings

® A. Papoulis and A. U. Pillai. Probability, Random Variables
and Stochastic Processes.
Mc Graw Hill, fourth edition, 2002, Chapter 6
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Online References

MIT Course on Probabilistic Systems Analysis and Applied
Probability (by John Tsitsiklis)

e Discrete RVs Il: Functions of RV, conditional probabilities,
specific distribution, total expectation theorem, joint
probabilities
https://www.youtube.com /watch?v=-qCEoqpwjf4

® Discrete RVs Ill: Conditional distributions and joint

distributions continued
https://www.youtube.com /watch?v=EObHWIEKGjA

e Multiple Continuous RVs: conditional pdf and cdf, joint pdf
and cdf
https://www.youtube.com /watch?v=CadZXGNauY0
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4.6 Joint distributions

Definition: Joint density function

The joint density for two discrete random variables X; and X; is
given as

P(X1 =x1;NX> = X2,') Vi,j
(. e) = {0 else

Properties:

° 1> fx(xi,x)>0 V (X1,X2)€R2

° > > fx(xixy) =1

Xi X
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4.6 Joint distributions

Definition: Joint cumulative distribution function

The cdf for two discrete random variables Xj and X; is given as

Fx(x,0) =P(Xa <%¥qgNXa<x)= Y > fx(xai xi)
x1i <M X2i <Xa.

it follows that

Pa<Xp<bnc<Xo<d)= > Y fx(xaix)

a<x1<bc<xx<d
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4.6 Joint distributions

If X1 and X are two continuous random variables, the following
holds: _V’_\d\« o f’r | olm-j
82FX(X1,X2)
pd'F fX(X]_,Xz) = W

cdf FxM,X fx U1,UQ dU2du1

W

L
Plx, x.,’\&b’a)
%, dke

f f_f, (w,»(;_
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4.6 Joint distributions
xqye Oue Condiwmous Y- o

{xbeapar S (2"'*%‘2) P pswes 4

Xa
e | | 2nak)dh

;w ~%=0 _J _} X Iy
3-}. <l+ 2T z‘(‘z )] j z (Z'l"‘h-(' %&)

L (Zx - 1 2%k \T\— —-(ww Sx
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4.7 Marginal Distributions

Derive the distribution of the individual variable from the joint
distribution function:

— sum or integrate out the other variable .
& sum~ orer ol \ook,v\)hoj oudcernsS

~ O Ko

/
Z fX(Xli, X2J') if X is discrete

X2j

o) = 0 % o
J fx(x1,%) d¥a if X is continuous
—R)
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4.7 Marginal Distributions

ox. conkivaaon’ O Yae
Lulre)= Z (2%, +3%2) 0 %t

TCAE j e, vo) d ¥z = f Z (2t 2] ke
= [2 (Zxﬁ(z“' 2.7;710 (2% t 2_) O
- 'E”“ t S’ = —gx(w

2 S
-I-Yz(\z,\): _S t S e
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4.7 Marginal Distributions
fubor [ o) do = 63 2 (e e

[ tad] 3 (13
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4.7 Stochatistic Independence

Two random variables are stochatistically independent if their joint
density is the product of the marginal densities:

V\O\" fx(x1,x) = fxl(Xl) fx,(x2) < Xi and X3 are independent.
“clodoshia

OGS
O.5¢

0.5 . 04T =025 FO2
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4.7 Stochatistic Independence

Two random variables are stochatistically independent if their joint
density is the product of the marginal densities:

fx(x1,x2) = fx,(x1) - fx,(x2) < X1 and Xz are independent.
Under independence the cdf factors as well:
Fx(x1,x2) = Fx;(x1) - Fx,(x2).

Expectations in a joint distribution are computed with respect to
the marginals.
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4.7 Stochatistic Independence

ox. connaous YV

-Yx(m,xz) = ‘FN<XI\) : '(XzC%z,) Cleck. WS

O e
.F’('X‘I\ij: —32- \(:f}(?_ ’(’o‘/ (o) £ Yz.‘.z

o) dansitis () and txele .

A wrowr 13 5 ) §-5<:—[%_Xf]°

Af»(xﬂ = J'FX:)\:_(XA,’K:.) dYg_ ’oj 2 YXxXe 0% =
B }iﬁz 4-0-= P, 4

'[%»(*'Z)’ J f‘&\(z.(sqﬂz) & = J% ‘K}Xz &XA'_'

2 = ES
- %)(L»—O" 272 ?MDGPENDGNT

cede: _[:x‘( sc.\ {:x,,(\c,)*’ 2, 2 AL v = }Z_ &7-54,_’ ‘i“ (X«,\c:.)

Mathematical Statistics 14/38

374
%_‘/z Ed"s"«]o






















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































4. 8 Random Samples




















































































































































































































































































































































































































































































































































































































































































































































4.9 Covariance and correlation

CO’U[Xl,XQ] = E[(Xl — E[Xl])(X2 — E[X2])]
Properties:
e symmetry: Cov[Xy, Xa] = Cov[Xz, Xi]

® [inear transformation:

Y1 = by + b1 X1 Yo=c+ aXs
= CO’U[Yl, Y2] = blchov[Xl,Xg]

® calculation:

o> xiixojfx (xii, x0) — E[X1]E[Xo]
X1i X2j

COU[Xl,Xz] = oo 00
f f X1X2fx(X1,X2) dX2 dX1 — E[X]_]E[X2]

—00 —00
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4.9 Covariance and correlation

Cov (k) = EL(%-EC(Y- ECr) | =€xx) - EGD £%)
wii o Ty gy XN+ EQECT)

el S ] - EE0T] - ECXECT) (E[ewoect)

WSO o] - g[OE0) - EOREQ) ¢E (XELT)
- Elwy) - ERDEM)

— shown with eC) evfn.uod'ov rotoicn
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4.9 Covariance and correlation

Combvuaouns  7.V. XOJ’\O(Y i HA \\rd&ﬁroJ_Y:

cova,:() = e0x-EGAY- ECN)] g o
= fif(x E(X»(U—G(‘:ﬂ\ {7(‘( (an dxd j SVU\- op ?V\ktﬂras
- J J oy ~860y - €0+ xj) fxe Guy) 9% 9Y s

f_/x ‘((“ ) dyd J \TE(\Q\\,) —F)c((x,\& cl\Ac\\j suksich
s XY fouilior

’jf* e —{:w (X,U\ dcxclj + J_SEGOEQO g-x*( (K,xo)A?(d\ termns
- eoen- EQJ] 31 ‘Fxx(w@o\x Ay ~ E) ], Jx{w@@axd\j
+E0Q E(\”J\{.FW(:;;\Q%A%O\ wr{- ‘\.)—-w\kzhmJ
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4.9 Covarlance and correlation N==s)

- E6eN - €60 _[y] %ﬁ(@fdj ’Ecv)jx 4x,<x,v>aj!o\x

={x( o
=ty fxq S
- ECRY) -EX) ‘M—j _E y)f@ﬂ +EGOE)
- EX) -

- EQT) - ECAECY)

Mathematical Statistics 19/38





















































































































































































































































































































































































































































































































































































































































































































































































































4.9 Covariance and correlation

\f Xand ¥ are mdzpm\o!m}- | Haon Cov (%)= O
Laelrg)= 6 frty) - EGxY)= E(x) EQY)

v _ iﬂ % _F,q (X’:P ‘?‘mﬁ
Cov(xrﬁi gg*@(\;g&l 26) R 15 do'y
= . = \S)(—FY(N\AX _ ;[n—(v(n)ﬁ

] E6))-EC9)






























































































































































































































































































































































































































































































































































































































































































































































































































































































4.9 Covariance and correlation

Pearson’s correlation coefficient

X1, X .
Paa = Covl%, %) __ _ o, e C-1,4]

VVar(X1) - Var(X2)  0x0x

e |f X; and X; are independent, they are also uncorrelated.
® Uncorrelated does not imply independence!

® Exception: normal distribution, characterized by 1st and 2nd
moment.

| = o i) | = Qv =O
Xand ¥ are ‘m&@gnéﬁgk %
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4.10 Conditional Distributions

e Distribution of the variable X; given that X5 takes on a certain
value xg.

e Closely related to conditional probabilities:

P(Xl =x3 NXo :Xg)

P(X =x X2 = x) = @

conditional pdf of X; given X = xo:

fX X, (X1, X2
fX1|X2(X1|X2) = 1, 2( ) (

f Yeond X2 are ndapandend {56 Cape)= (CARNY
'(n v Cruxe) = “&‘("“\ el =L (vn)

('/\
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4.10 Conditional Distributions

conditional cdf of X; given X5 = xo: CDB

A

P(X = xil}o = x3) = Y g (xailxe) = Fxpx, (alx2). ?O\OB)
— T x1i<x1 PCA\@) P(B)

If X1 and X5 are independent, the conditional probability and the
marginal probability coincide: =4
W,-‘v_'\w Iy -Dac
Uvd\:ounak fX1|Xz(X1|X2 = fx,(x1) XL\ 1 2
‘F"*"‘C)Because — A-M 4 [02| 023 o.4S
w9 |03|o2s] oSS

~F(W A b( )K fxx 1,%2) = fx; (x1) - fx, ()
= — : 1 2 ’ ' ’ O'S- S’ 4
o8 me) 04 =2f%om1) = «E@iﬁk 8%

23/38
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4.10 Conditional Distributions

OexasA
_ 2

ex: ‘FX.X;G“P(Z-\' ?(2);4-1'%sz ,(or @Oﬁﬁi/\
¢ ons) A Y%z (X4=o w‘

ol 3: n A
feli= olCeirneo (= O Pt

‘FX"‘XZ(O I)(L) - S'Xz e o Mfgik
) _ T X2 ) mm G
-(:)\L(x[;o (XZ l}g\-o % 0\1(29”‘6*\‘30"‘
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4.10 Conditional Distributions
{_x,\xz(‘xa,x;)
‘F’W‘z (v ) = ()

The joint pdf can be derived from conditional and marginal

densities in 2 ways: ATS

faxe = fxqjx, (a]x2) - fx, (3x2) = i, x, (x2[x1) - fx (x1)

=) *}K«X;(Ya,’xzw = —FXM(Z (X,h(z)' ’E‘XZCXZ)
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.‘,lnp\,,
4.11 Conditional Mome oh% J

¢g, 3("() =VL £ _:ZL; ‘F‘ﬂx@’a ol
EfyYx = x] = Z@'P(X—XOY yJ‘

{ov cmd?ﬁo"‘aj

_Z@ P(Y =y X =x)  gramaXs:

e
= 3 et abhered. € |

fxy (x,y;) v
_ k. Ixy(X j
= E Yj A () if Y is discrete

}:o %% \[‘(I\(-x (%=x\\

f;
E[Y¥X =x] = /yk : X;/(%d if Y is continuous
XX

Sl
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4.11 Conditional Moments

VarlY|X = x] = Byx[(Y — B[Y[X = x])’]

= ;j(yj — E[Y|X =x])*- fyx(ylx) ,

if Y is discrete

Var[Y|X = x] = By x[(Y = E[Y|X = x])’]

:_4 o — E[YIX = X)) - fyx(v1x)dy

if Y is continuous
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4.11 Conditional Moments
Law of Total Expectations/ Law of Iterated Expectations

cons\'om‘l' v vourdom VA

? Y= Y=o
EXJ/E‘T(X(\”X‘)‘)] N X :.s eg):\\\ a Y.\V.

E[Y] = Ex [E[Y]X]] I to\mj\(:flxw 3&2 )g(s\n

Ex [Eyix[Y|X]] :E[Y]:/ |:/y fx};(();)y)dy} fie(x) dx

—0o0 — 00

FEy|x is a random value as X is a random variable.
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4.11 Conditional Moments

Law of Total Expectations/ Law of Iterated Expectations
| TE - Law o{. Totad BExprdakors

oY L-‘E Louw C%,, \tevoled Wd.eJ\CN\S
so fou: E(x) is Constend SO beE(s}»P] ~EGQ

£ [Bix)] 6/()

—KMSO\V'V .
w €
g w18 e readRed,

ﬂus IS a Cort

~ 1 Lis o realied ¢

g € q V.

Em( (7 Y= X\
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4.11 Conditional Moments

Law of Total Expectations/ Law of Iterated Expectations

B lm] s o

(ulx) - % (x) - I
j—tfg\:jiwc QC o e
vy, wrk x * ,{,\)rcbv
] joj’j wlxa) Okﬁ %\ ES

-7
Lo Lo [ +ey 0
T xheubhom
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4.11 Conditional Moments

Law of Total Expectations/ Law of Iterated Expectations
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4.12 The bivariate normal distribution

Definition: Bivariate normal distribution
Two random variables X; and X; are jointly normally distributed if
they are described by the joint pdf

1

2wo1o9\/1 — p

1
fx(x1,x) = = - exp |:—§q(X]_7X2):|

where
o= 2 [ (25 - (25 (252) + (252)]
Casy: Mg normnad dashoukion a&wavs CpradaCLs

sk n
Xy i ’F\JOWQ%MMQ%_&ZSL(\OLL
32/38
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4.12 The bivariate normal distribution

If (X1, X2) N’@M,pz,a%,o%,p), then \)OTV\}”

* Fala) MM, 0f), ¥y Wﬂl\f\aj

112, 0%), X,

* filx N@m + pZ(x2 — p2), 07 (1 = p?)), Cow&ﬂ'\OwoJ

Pl NWQM +p2Z(x1 — pn), 05(1 = p?)).

2= a X to %o /\)@KE(QYA (-\05‘2 ,\)OJ’ (o "'\O\AZ%
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4.12 Linear combination of normal distributed r.v.s

M X ond ¥ axe normellsy dishibuded ,Hhan
22 oX +bY ~ N(ER) ,Jou () o aiom
N ~ spUt vp s
()= Elax+b7]= aBed+b €M) comigdtie
() = Vo (oY) - E [z-EC)
- Elox 400 - Eax 41T
= E[(OO(«CBV - @& 'H"E(Y))ﬂ

= E[(a (X-EGO) + —667)))1} B
2

\?—(\(\___)
fr
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_ E[qz (K-EON + 2 ab (XJE(K\)(Y-E'(“ﬂ) SpUt up SUm
+oer-acit |

- € (x-26] + E2ob (x-EGA (Y-ET)) ] corshonts
ve[& (-] Jodio

- aE M} +20b M +b E [—(‘(—E("/))ZJ
= Vow(X) Con (%) \bouw (1)

= ofVar (D) £ b Nor(¥) + 20b CovCX,yl
— l‘\

= \Jou ( QX%‘O bosis: ?odrjo\lo dnersifradie

. NG Vor G)
2= oX4bT o E(@), Vou(%ﬂ - [
n N, Varly)) 2 2n

whe: W= aX=bY  Lrondal frmda (A= At
a
rloi)e o Var (o) 4 b Nor @) = 2ol (& (%)


































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































4.13 Multivariate Distributions

x a random vector with joint density fx(x)

Xp Xn—1

=/ [ f fx (t) dtrdty . . . dt,_1dt,

—00 —O0

Expected Value:
m EX]

) \EX)
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4.13 Multivariate Distributions

Covariance Matrix

E(x — p)(x — p)]

(a—p)(a —p1)  Oa—p)oe —p2) o (a—p1)(xa — pn)
B (2 = p2)(a — p1) (2 — p2)2 — p2) .. (@ — p2) (X — pin)
(= i)t — 1) (0 = 12)0 = j12) ve (0 — 1) (0 — )

= ) :E[xx']—up,':z
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4.13 Multivariate Distributions

Linear Transformation: sum of n random variables Y7 ; ax;

E[31X1 + asxo + ... a,,x,,] = E[a’x]
=aEx]=ap
Var|a'x] = E[(a'x — E[a’x])z]
= E[(a'(x — E[x])’]
= E[(a'(x — p)(x — p)'a|
— & B(x - w)(x — p)]a
=aXa

n

n
= E E ajajojj

i=1 j=1
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4.13 Multivariate Distributions

Linear transformation: y = Ax

i-th element in y = Ax is y; = a;x with a; i-th row in A

= Ely;] = E[aix] = a;p as before

Ely] = E[Ax] = AE[x] = Aun
Varly] = E[(y — Elyl)(y — Ely])]
= E[(Ax — Ap)(Ax — Ap)']
= E[(A(x — w)[(A(x — p)]']
= E[A(x — p)(x — p)' AT]
= AE[(x — p)(x — p)]A" = AZA’
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